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Inflation is the vital part for studying the birth of our universe and verifying the consistency of the theory of quantum gravity [1, 2, 3] . The latest observation data are shown in Table 1 [5] , which are consistent with the slow roll approximation. There are many models satisfying the observation [4, 5] , one of which is the most promising model -Starobinsky model (also called R 2 inflation model), which can be motivated by, for example, modified gravity theory [2, 4, 10, 11, 12, 13, 14] and supergravity theory (SUGRA) [15, 16, 17, 18] . Since SUGRA describes high energy physics beyond the Standard model (SM), gravity beyond the ΛCDM cosmological model and the low energy effective theory of superstring theory, it has been adopted to study the primordial dynamics of the universe evolution. In particular, the extension of Starobinsky model in the new-minimal formulation of SUGRA is dual to the standard counterpart coupled to a massive vector multiplet, or a massless vector multiplet and a Stückelberg chiral multiplet with the Kähler potential in the following form [19, 20, 21] only for ρ = 1, 2 with some non-perturbative corrections and SUSY is spontaneously broken at the dS vacuum with gravitino mass in the TeV range. Furthermore, [24] finds that an alternative non-vanishing FI terms [22, 23] can allow inflationary models having the following forms of Kähler potential K K T,T M 2
This Kähler potential model generalizes various models such as no-scale SUGRA [25, 26, 27, 28, 29, 30, 31] and M theory compactification on a G 2 manifold [32, 33, 34] . The model studied in [24] describes the inflation from the real part of dilaton-axion chiral superfield T with a fixed imaginary part at the dS vacuum. Thus, it is interesting to see how the inflation dynamics changes when the imaginary part also evolves to contribute to the inflation dynamics. That is the main theme of this paper.
In this paper, we are going to study the inflation dynamics of generalized dilaton-axion models, where both the dilaton and its axionic partner simultaneously contribute to the evolution of inflation. The organization of this paper is as follows. In section 3, we give the total potential consisting of F term from the Kähler potential given by Eq.
(2) and the Polonyi type superpotential, and D term potential from an alternative FI term [22, 23] . We give the derivatives of the total potential, the possible ranges of parameters under the constraints of dS vacuum and the corresponding SUSY breaking scales in section 4. We summarize our results of dS vacuum in section 5 and the equations of motion (E.O.M.s) of the evolution of dilaton and axion. In section 6, we give the initial conditions and parameters feasible for inflation based on the constraints of Planck observation listed in Table 1 and e-folding number 50 to 60. We discuss our results in section 7 and draw conclusions in section 8.
General model
Recall the F term potential in N = 1 supergravity (SUGRA) is
where
Φ I is complex scalar field for all I from 1 to the dimension of the field space, the upper bar means the complex conjugate of the corresponding variables/ fields, K IJ is the inverse of the Kähler metric K IJ and M pl is the (reduced) Planck mass 1 . Note that the Kähler potential is given by
while the super-potential is given by
1 Since the mass dimensions of Kähler potential K and super-potential W are 2 and 3 respectively, the (F term) potential V F has the mass dimension of 4.
where ρ ∈ N and λ, µ ∈ C are constants 2 . Note that the first and second derivatives of the Kähler potential are given by
The first covariant (Kähler) derivative of potential is
and the F term potential is
or in terms of
For simplicity, we let
so that the F term potential becomes
Even though the vacuum of a F term potential is generally AdS, we can obtain the dS vacuum by introducing an abelian vector multiplet with the simplest Fayet-Iliopoulos (FI) type term [22, 23] and eliminating the auxiliary field of the vector multiplet, which has a positive contribution [24] 
where g is the gauge coupling and ξ is the real FI constant. Hence, in the rest of this paper, we investigate the properties and inflation dynamics of the total potential V = V F + V D .
Derivatives of the total potential
To find our present universe after inflation, we set up some constraints on the derivatives of the F term potential to find the minimum as follows. The first derivatives are
while the second derivatives are
The minimum points are the solutions of the following equations
The counterpart evaluated (T R0+ , T I0 )
which has two positive eigenvalues if ρ > 3 and the corresponding square masses of T R and T I (evaluated at (T R0+ , T I0 )) are
while their ratio is
Combining with the ranges given by the positivity of T R0 , we can finalize the possible ranges to produce a dS vacuum as shown in Table 3 . Now, based on the physically feasible ranges, we can obtain the corresponding gravitino mass and the F term and D term SUSY breaking scales.
The gravitino mass evaluated at (T R0− , T I0 ) is
which forms the following ratios with
The F term SUSY breaking scale evaluated at (T R0− , T I0 ) is
while the D term SUSY breaking scale evaluated at (T R0− , T I0 ) is
The gravitino mass evaluated at (T R0+ , T I0 ) is
and the F term SUSY breaking scale evaluated at (T R0+ , T I0 ) is
while the D term SUSY breaking scale evaluated at (T R0+ , T I0 ) is
The total potential becomes
which is independent of the imaginary part of T , T I . This model does not form a double field inflation model since the second derivative of V with respect to T I , ∂ 2 V ∂T 2 I is equal to zero, but it can be considered as a single field model if we fix T I to some real values. To consider it as a single field model and study the properties of minimum point, we first find the first and second derivatives
Finding the minimum point by taking ∂V ∂T R = 0, we have
The second derivative evaluated at T R = T R0 is
The positivity of T R and ∂ 2 V
The F term SUSY breaking scale (evaluated at T R = T R0 ) is
while the D term SUSY breaking scale (evaluated at T R = T R0 ) is
5 A short summary of total potentials and required tools for inflation analysis 5.1 Suppose ρ = 3.
Total potentials
By using Eq.(3), (27) , (30) and Table 2 , the total potentials (normalized by |µ| 2 ) are given by
and
if ω 1 > 0 and 3 < ρ < 7+
if ω 1 < 0 and ρ > 3.
SUGRA Lagrangian setup
We are going to find the corresponding adiabatic and iso-curvature perturbation for double field models. During inflation, since the non-zero vacuum expectation values of fermions break the Lorentz symmetry, which is not physical during inflation, we assume that only bosons contribute to the background of inflation dynamics. Hence, we consider the bosonic part of the Lagrangian, which is given by [35] 
where V = V F + V D while V F and V D are F term potential and D term potential respectively. The kinetic term in L SUGRA can be written as
If we treat L in Eq.(52) in the Jordan frame, by Eq. (78), we obtain
for all I, J ∈ {1, 2}. Since f φ I is a constant, the metric in the field space in the Jordan framẽ G IJ is the same as that in the Einstein frame G IJ . Thus, The conformal factor becomes
and the metric of the field space in the Einstein frame is
We expand the fields to the first order around its classical background values
The norm of the velocity vector is given by the background components of the fields as followṡ
where the normσ is defined to be positive. Since the background components of fields depend on cosmic time t only, we can easily obtain the Laplacian as
and hence the equations of motion (E.O.M.)s of T Rb and T Ib are given by
are the first derivatives of the potential with respect to T R and T I evaluated at the background respectively and the dot over T Rb and T Ib means the derivatives of the corresponding background fields with respect to cosmic time t.
5.2
Suppose ρ = 3.
Total potentials and slow-roll parameters
Note that the total potential (normalized by |µ| 2 ) are given by
which is independent of T I . Hence,
Equations of motion
The bosonic part of Lagrangian and the kinetic terms of ρ = 3 case are given by Eq.(60). Hence, the E.O.M.s of T R and T I become
We will adopt Eq. (63) to evaluate their corresponding evolutions.
6 Numerical calculations We are going to show the feasible parameters for inflation, and the corresponding β iso and cos (∆) are evaluated based on that parameters. Recall β iso and cos (∆) are given by
First, we find the initial conditions based on the constraints of V , η V , n s , V hc listed in Table 1 and the initial conditions listed on Table 4 , and extract some points for path evolution. Next, we set some fixed parameters as shown in Table 4 , while various sets of parameters are listed in Table 5 for ρ = 4, Table 6 for ρ = 5 and Table 7 for ρ = 6 respectively.
In Figure 1 , we show the possible positive values of T Rhc 5 , T Ihc and ι 2 /ι 1 based on the Planck observation constraints listed in Table 1 at various ρ = 4, 5, 6. The "C" shape tube regions gradually change the color from red to green as ι 1 gradually increases with a constant increment (For details, please refer to the description of Figure 1 ). We extract some of the possible parameters satisfying the e-folding constraints 50 ≤ N end − N hc ≤ 60 as listed in Table 5 , 6 and 7, and their corresponding evolution paths are plotted in Figure 2 . The colors correspond to the counterparts of the paths shown in Figure 2 . One can see that for ρ = 4, the background fields move towards their corresponding minimum point (dS vacuum point) 6 in a nearly straight line, turn to the minimum point with a larger turn rate and then oscillate around the minimum point. As ρ increases gradually up to 6, the background fields greatly turn in the initial stage, move towards their corresponding minimum point and finally oscillate around the minimum point.
Next, in Figure 3 , we can see the evolutions of and η σσ of all the listed parameter sets in Table  5 , 6 and 7. Basically, starting from very small positive values, all the (dotted) lines evolve and keep at a close-to-zero value, surge to 3 after 50 e-folding and then oscillate between 0 and 3. Also, η σσ (solid) lines start from a value very close to zero, evolve around zero and then sharply increase at the end of inflation. That means the background fields roll slowly initially and then run at an increasing rate, which is consistent with the mechanism of inflation. In Figure 4 , after dropping sharply from a large positive value to a small positive value, the effective mass square of the entropy perturbation (µ s /H) 2 , which is given by Eq.(113), remains light and physical. This shows that the trajectories roll from the plateau. Since µ 2 s is related to the curvature of the potential in the direction orthogonal to the trajectory, light mass square means the curvature orthogonal to the trajectory is small at the initial stage. When the background fields roll off the ridge and reach 50 e-folding, the entropy mass square largely grows because the curvature orthogonal to the trajectory is large and the turn rate becomes significant as the background field oscillates around their corresponding minimum points.
Similar to the cases ω 1 > 0, in Figure 7 , we show the possible positive values of T Rhc , T Ihc and ι 2 /ι 1 based on the Planck observation constraints listed in Table 1 at various ρ = 4, 5, 6. The "C" shape tube regions gradually change the color from red to green as ι 1 gradually decreases with a constant increment (For details, please refer to the description of Figure 7 ). We also extract some of the possible parameters satisfying the e-folding constraints 50 ≤ N end − N hc ≤ 60 Table 1 at various integers ρ, a fixed |µ| = 3 × 10 −4 M 2 pl and ω 1 > 0 (ι 1 > 0). Each "C" shaped tube moves from red color to green color as ι 1 increases. Please pay attention to the direction of magnitude of each axis in each graph. 1st row: ρ = 4, from ι 1 = 9M pl (red) to ι 1 = 49M pl (green) with an increment of 2M pl ; 2nd row: ρ = 5, from ι 1 = 6M pl (red) to ι 1 = 46M pl (green) with an increment of 2M pl ; 3rd row: ρ = 6, from ι 1 = 1M pl (red) to ι 1 = 21M pl (green) with an increment of 1M pl . (These regions are restricted by Table 1 only without the e-folding constraints 50 ≤ N end −N hc ≤ 60. ) Right: The trajectories of background fields on the potential surface. 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. Various colors of the paths correspond to the parameter sets lised on Table 5 , 6 and 7 respectively.
as listed in Table 8 , 9 and 10, and their corresponding evolution paths are plotted in Figure 8 . One can see that for ρ = 4, the paths move towards their corresponding minimum point (dS vacuum point) in a nearly a straight line, turn to the minimum point with a larger turn rate and then oscillate around the minimum point. However, the extent of turning is smaller than that of the evolution paths at ω 1 > 0 and ρ = 4. As ρ increases gradually up to 6, the paths Next, in Figure 9 , we can see the evolutions of and η σσ of all the listed parameter sets in Table  8 , 9 and 10. Basically, starting from very small positive values, all the (dotted) lines evolve and keep at a close-to-zero value, surge to 3 after 50 e-folding and then oscillate between 0 and 3. Also, η σσ lines start from a value very close to zero, evolve around zero and then sharply increase at the end of inflation. In Figure 4 , after dropping sharply from a large positive value to a small positive value, the effective mass square of the entropy perturbation (µ s /H) 2 remains light and physical. This shows that the trajectory rolls from the plateau, where the field space curvature orthogonal to the trajectory is small in the initial stage, to the minimum point, where the entropy mass square largely grows.
Suppose ρ = 3.
The total potential is given by Eq.(61). The possible initial T Rhc , ι 1 = ω 1 /|µ| 2 and |µ| are shown in Figure 13 . Also, the parameters of possible inflation are given by Table 11 . The evolutions of the background fields T R and T I are evaluated by their E.O.M.s Eq. (63). Basically, the paths are straight lines from the initial starting points. Next, for slow-roll parameters as shown in Figure 15 , starting from a value very close to zero, they keep its low value and become significant after 50 e-folding, which is consistent with the usual inflation mechanism. Apart from these, from Figure 16 , we can see that turn rates drop rapidly and keep nearly zero as the background fields roll off the ridge. This shows that the fields turn for a little while and roll straight off the ridge. Furthermore, in Figure 18 , we can know that the evolutions of the effective mass square of the entropy perturbation (µ s /H) 2 remains nearly zero. In Figure 2 and 8, one can see that there are path patterns with various extent of turning. This can be tracked by Figure 5 (and 11) respectively. For example, for ω 1 > 0 and ρ = 4, when the background fields roll off from the initial point, there is no rigorous turning until the end of inflation, leading to the evolution of 2ω/H close to zero. As they gradually approach to their corresponding minimum points, Hubble scale H reduces gradually and the turning 
The turning for ρ = 3 and the afterward evolution
From Figure 18 , since the initial speeds of background fields have the small scale 10 −5 M pl , it is not obvious to see the turning. Hence, we demonstrate the inflation path with the greatest possible initial speed of T I . The parameter sets are shown in Table 12 and their corresponding evolution paths are shown in Figure 19 . We can significantly see that the background fields move along T I a little while and turn towards the decreasing T R direction. However, α (N ) Table 1 at various integers ρ, a fixed |µ| = 3 × 10 −4 M 2 pl and ω 1 < 0 (ι 1 < 0). Each "C" like cylinder moves from red color to green color as ι 1 increases. Please pay attention to the direction of magnitude of each axis in each graph. 1st row: ρ = 4, from ι 1 = −12M pl (red) to ι 1 = −52M pl (green) with an increment of 2M pl ; 2nd row: ρ = 5, from ι 1 = −6M pl (red) to ι 1 = −46M pl (green) with an increment of 2M pl ; 3rd row: ρ = 6, from ι 1 = −6M pl (red) to ι 1 = −46M pl (green) with an increment of 2M pl . (These regions are restricted by Table  1 only without the e-folding constraints 50 ≤ N end − N hc ≤ 60. ) Right: The trajectories of background fields on the potential surface. 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. Various colors of the paths correspond to the parameter sets lised on Table 8 , 9 and 10 respectively.
is reduced as the initial speed of background fields increases. That is because the turn rate per Hubble parameter is mainly inversely proportional to the resultant field rate. Hence, even though it is not significant to see the turning in the field evolution graph, the initial α (N ) is comparatively large, and vice versa. After that, the background fields keep its T I coordinate Figure 8 : Evolution paths of inflation dynamics at ω 1 < 0 (ι 1 < 0). 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. Various colors refer to various parameter sets listed on Table 8 , 9 and 10 correspondingly. when they continue rolling. This is because Hubble parameter andṪ R /T R in Eq.(63) act as friction terms to stabilize the curve at a constant T I coordinate.
The smallness of β iso and cos (∆)
To understand the smallness of β iso and cos (∆), we should consider the reason of smallness of T SS and T RS , since they are related by Eq.(64) and (65). By Eq.(118) and (119) (or by Eq.(116) and (117)), we can see that T SS and T RS depend on the strengths of α (turn rate per Hubble parameter) and β. By Figure 5 , 6, 11 and 12, we can see α (N ) is nearly zero, while β (N ) keeps negative from N hc to N end . These show that T SS becomes exponentially suppressed and there is very small contribution by each dN in the integration of T RS , leading to smallness of T SS and T RS , and so are β iso and cos (∆).
Conclusion
We studied the inflation dynamics of generalized dilaton-axion models with a new Fayet-Iliopoulos (FI) term not requiring gauging R-symmetry, where both dilaton T R and its axionic partner T I are responsible for contributing the evolution of inflation. We found that to obtain dS vacuum at the end of inflation, integer ρ in the generalized Kähler potential is constrained at different cases of ω 1 . Particularly, when ρ = 3, the axionic partner does not contribute to the inflation as it is absent in the total potential. We also evaluated the feasible initial conditions to produce successful inflation based on Planck observation and e-folding constraint and showed different evolution paths with various turning patterns of the background field. This shows that apart from slow roll parameters, spectral index and inflation energy scale, the change of turn rates can also be one of the fingerprints to identify the specific inflation pattern in double field model verification. Finally, we gave the predictions of iso-curvature mode contributions such as β iso and cos ∆. Table 8 , 9 and 10 correspondingly.
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A Christoffel symbols and curvatures of field spaces
Given that the metric of the field space in the Einstein frame is given by the non-zero Christoffel symbols defined by
are
The non-zero curvature tensors defined by Various colors refer to various parameter sets listed on Table 8 , 9 and 10 correspondingly.
which gives the Ricci tensor defined by R JL = G K I R I JKL = R I JIL as
and the curvature scalar, defined by R ≡ G IJ R IJ , as
(72) Figure 13 : Left: A region of possible values of T Rhc /M pl , ι 1 /M pl and |µ| /M 2 pl for inflation based on the constraints listed in Table 1 . Right: The evolution of background fields on the potential surface. The colors of the lines correspond to the parameter sets listed in Table 1 . 
B A formalism of Double Field Inflation
In this section, we follow the derivation in [6] and [9] . Note that in the Jordan frame, the Lagrangian is Table 11 .
where f φ I is the non-minimal coupling function andṼ φ I is the potential for the scalar fields in the Jordan frame. To change the equation in Jordan frame into the counterpart in Einstein frame, we define a spacetime metric in the Einstein frame g µν (x) as Figure 19 : Field evolution at different α (N ) (Left) and their corresponding initial turn rate per Hubble parameter (Right). Here, the field value T I does not affect the strength of α (N ). Thus, for obvious observation, we evaluate at different T I . Various colors refer to various parameter sets listed on Table 12 .
where the conformal factor Ω 2 (x) is given by
Then, the action in Jordan frame becomes that in Einstein frame, which is given by
and the potential in the Einstein frame becomes
The coefficients G IJ of the non-canonical kinetic terms in the Einstein frame depend on the non-minimal coupling function f φ I and its derivatives. They are given by
where f ,I = ∂f ∂φ I . Varying the action in Einstein frame with respect to g µν (x), we have the Einstein equations
Varying Eq. (77) with respect to φ I , we obtain the equation of motion for φ I
where φ I = g µν φ I ;µν and Γ I JK is the Christoffel symbol for the field space manifold in terms of G IJ and its derivative. Expanding each scalar field to the first order around its classical background value,
and perturbing a spatially flat Friedmann-Robertson-Walker (FRW) metric,
where a (t) is the scale factor. To the zeroth order, the 00 and ij components of the Einstein equations become
where H =˙a (t) a(t) is the Hubble parameter, and the field field space metric is calculated at the zeroth order, G IJ = G IJ ϕ K . Introducing the number of e-folding N = ln a with dN = Hdt, the above Einstein equation becomes
where the prime means the derivative with respect to N . For any vector in the field space A I , we define a covariant derivative with respect to the field-space metric as usual by
and the time derivative with respect to the cosmic time t is given by
Now, we define the length of the velocity vector for the background fields as
Introducing the unit vector of the velocity vector of the background fieldŝ
the 00 and ij components of the Einstein equations become
and the equation of motion of φ I in the zeroth order is
and is the first order Hubble slow-roll parameter defined in Eq.(98). Now, we define a quantitŷ s IJ to obtain the field component orthogonal toσ Î
which obeys the following relations withσ Iσ Iσ I = 1,
The slow-roll parameters are given by
where M I J is the effective mass squared matrix given by
andŝ I is defined in the following argument. Now we define the turn-rate vector ω I as the covariant rate of change of the unit vectorσ I
Since ω I ∝ŝ IK , we have ω Iσ I = 0.
We can also find
Also, we introduce a new unit vectorŝ I pointing in the direction of the turn-rate, ω I , and a new projection operator γ IJŝ
where ω = |ω I | is the magnitude of the turn-rate vector. The new unit vectorŝ I and the new projection operator γ IJ also satisfŷ
We then find
and henceσ
Now, we define the curvature and entropic perturbations as follows
whose E.O.M.s are given by [9] 
where Ψ is the gauge-invariant Bardeen potential [7, 8] , M σσ and M ss are given by Eq.(100) and
is an effective square mass of entropy perturbations. After the first horizon crossing, the comoving wave number k obeys k aH < 1. Hence, the curvature and entropic perturbations satisfy the following equationsṘ
which allows us to write the transfer functions
where t hc is the time of the first horizon crossing. Being changed from the cosmic time t into the number of e-folding N = ln a, where dN = Hdt 7 , T RS (t hc , t) and T SS (t hc , t) become 
where the effective squared mass of the entropy perturbation can be written as that relative to the Hubble scale as
and means slow-roll approximation and α is given in Eq.(123). Comparing with Eq.(110), (111), (114) and (115) with Eq.(120) and (121) [6] , we obtain
Note that the power spectrum for the gauge invariant curvature perturbation is given by
where P R (k) = |R| 2 . The dimensionless power spectrum is
and the spectral index is defined as
where k hc = a (t hc ) H (t hc ) represents the pivot scale at the first horizon crossing t hc , which is related to the cosmic time t by
Using the transfer function, we can relate the power spectra of adiabatic and entropic perturbations at time t hc to its value at some later time t > t hc with the corresponding pivot scale k as
The transfer functions are given by
In term of the number of e-folding N , the above differential equation becomes
The spectral index for the power spectrum of the adiabatic fluctuations becomes
where n s (t hc ) = 1 − 6 (t hc ) + 2η σσ (t hc ) ,
and the trigonometric functions for T RS are defined as
The iso-curvature fraction is given by
which can be used for compared with the recent observables in Planck collaboration. Also, the tensor-to-scalar ratio is given by
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